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HARDY SPACES AND THE SZEGO PROJECTION 
OF THE NON-SMOOTH WORM DOMAIN 

ALESSANDRO MONGUZZI 

Abstract. We define Hardy spaces H p (D f ^), p G (1,°°), on the non-smooth worm do¬ 
main Dp = {(zuzi) CC 2 : |Imzi —log |z 2 | 2 | < f, | log |z 2 1 2 1 < f } and we prove a series 
of related results such as the existence of boundary values on the distinguished boundary 
dDp of the domain and a Fatou-type theorem (i.e., pointwise convergence to the boundary 

values). Thus, we study the Szego projection operator S and the associated Szego kernel 
K D ^ . More precisely, if H p (dDp) denotes the space of functions which are boundary values 

for functions in H P (D'^), we prove that the operator S extends to a bounded linear operator 

S:L p {dD'p)^H p {dD'p) 

for every p G (1, +°°) and 

S : W^(3Dp) ->• W^(0D'p) 

for every k > 0. Here W k,p denotes the Sobolev space of order k and underlying L p norm, 
p S As a consequence of the L p boundedness of S, we prove that H P (D p) fl C(D'^) 

is a dense subspace of H p (Djj). 


1. Introduction and Main Results 

Given a domain fl C C", it is a classical problem to study the Hardy spaces of holo- 
morphic functions and the Szego projection operator associated to this domain. If p is a 
defining function for fl, i.e., fl = {z G C" : p(z) < 0} and |Vp| ^ 0 on the boundary of fl, 
a standard way to define the Hardy spaces H p ( fl), p G (1,°°), is to consider a family of 
approximating subdomains {fl e } e >o where fl f = {z £ C" : p(z) < — e}. Then 

H p (fl) := i F holomorphic in fl: = sup f |F(Q| P do E < °° 

l 1 J e>0 -IbSh 

where /rfl £ is the topological boundary of fl £ and da E is the euclidean measure induced on 
/?fl £ . 

Every function F in H p ( fl) admits a boundary value function F and the linear space of 
these boundary value functions defines a closed subspace of L p (Ml) which we denote by 
H p (b£l). In the special case p = 2, the orthogonal projection 

S n -L 2 (bQ.)^H 2 (bQ.) 

is called the Szego projection operator associated to fl and it has an integral representation 
by means of an integral kernel known as Szego kernel. We refer to f34l for more details. 

The geometry of the domain fl affects the regularity of Sq and this problem has been ex¬ 
tensively studied in the last 40 years. There is a number of results regarding the regularity 
of the Szego projection in Sobolev scale for many classes of domains: strictly pseudocon- 
vex domains ED, smooth bounded complete Reinhardt domains in <D” mm, domains 
satisfying Catlin’s property P na, complete Hartogs domains in C 2 li 11 II 1 2L domains of 
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finite type in C 2 | |29| , domains that admit a defining function that is plurisubharmonic on 
the boundary f8) and convex domains of finite type in C" (27). We refer also to lfl3l and 
na for some results regarding the behavior of the Szego projection with respect to the real 
analyticity of functions. 

We also have some results concerning the L p regularity of the Szego projection; in fl6l 
the problem is studied for a particular family of weakly pseudoconvex domains, in ED 
the case of convex domains is treated , while in l26l the authors deal with non-smooth, 
simply connected domains in the plane C. More recently, Lanzani and Stein announced in 
Il25i some new results about the L p regularity of the Szego projection. They still deal with 
strictly pseudoconvex domains, but assume only C 2 boundary regularity. We also cite 0 
where a new definition of the Szego kernel is suggested. 

The smooth worm domain ‘W = Tfjj does not belong to any of the known situations. 
The domain “W was first introduced by Diederich and Fornaess in m as a counterexample 
to certain classical conjectures about the geometry of pseudoconvex domains. For (3 > 
the worm domain is defined by 

(1.1) W = {{zi,zi) G C 2 : |zi -e ,log M 2 | 2 < l — r|(log |z 2 | 2 ),Z 2 ^ 0}, 

where T| is a smooth, even, convex, non-negative function on the real line, chosen so that 
(0) = [— (3 + (3 — |] and so that TF is bounded, smooth and pseudoconvex. We refer 

to ED for a detailed history of the study of the worm domain C W. Diederich and Fornaess 
introduced this domain to provide an example of a smooth, bounded and pseudoconvex 
domain whose closure does not have a Stein neighborhood basis. Nearly 15 years after its 
introduction, the interest in the worm domain has been renewed since it turns out to be a 
counterexample to other important conjectures. Starting from ground-breaking works of 
Kiselman li20) and Barrett J2), Christ lfl4l finally proved that the Bergman projection P, H i 
of the worm domain, i.e., the orthogonal projection of l? (‘W) onto the closed subspace of 
holomorphic functions, does not map C°°( TF) to C°°{ C W). Therefore, the worm domain 
‘W is a smooth bounded pseudoconvex domain which does not satisfy Bell’s Condition R. 
This condition is closely related to the boundary regularity of biholomorphic mappings as 
has been shown in works of Bell (7) and Bell and Ligocka (6). Due to the results of Christ, 
the Bergman projection of the worm TF and other related domains has been extensively 
studied by many authors. We cite the recent papers l23l|2H 1241 [4][3l [22j and the references 
therein. We remark that the Szego projection can be considered a boundary analogue of the 
Bergman projection. Moreover, the regularity of the Szego projection, at least in a certain 
setting, has been proved in lfl9l to be closely linked to the regularity of the complex Green 
operator in analogy with the Bergman projection and the d-Neumann operator. 

Due to the lack of general results concerning the regularity of the Szego projection of 
smooth bounded weakly pseudoconvex domains and the peculiar behavior of P^, the study 
of the regularity of is an interesting starting point for research in this direction. The 
work presented here is a first step for this investigation. 

In El, Barrett proves that the Bergman projection P, ti j does not preserve Sobolev spaces 
of sufficiently high order with the aid two non-smooth model domains, namely, 

= {(^ 1 , 22 ) G C 2 : |lmzi — log|z 2 | 2 1 < j, |log| 22 | 2 | < (3-|} • 
and 

£»P = {(Ci,C 2 ) ec 2 :Re(Cie-' log l^ 2 l 2 ) > 0, |log|C 2 | 2 | < (3 - ^. 

We refer the reader to Figure[T|for a representation of Dj, in the (Imzi ,log |z 2 |)-plane. 

Despite being biholomorphic ally equivalent, the domains Dp and Dp have a fundamen¬ 
tal difference. For each fixed zi G C, the fiber in the second component of the domain Dp, 
that is the set {z 2 G C : (zi ,zi) G Dp}, is connected. This is not the case for the domain Dp. 
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The geometry of Dp allows to obtain precise information about its Bergman projection 
and this information can be transferred to the Bergman projection P/^, of Dp by means of 
the transformation rule for the Bergman projection under biholomorphic mappings. Fi¬ 
nally, Barrett uses an exhaustion argument to transfer the information from to l\ lx i and 
conclude the proof. 

In analogy with the Bergman case, we want to obtain information on the Szego pro¬ 
jection studying S D / and So p , but new difficulties arise. Being TF a smooth bounded 

domain, there is no confusion about the definition of the projection S^; a little more cau¬ 
tion is required when considering the domain Dp and Dp. The Szego projection acts on 
functions defined on the boundary of the domain considered and in the case of Dp and Dp 
we can choose to work with the topological or the distinguished boundary. Moreover, in 
general, we lack a transformation rule for the Szego projection under biholomorphic map¬ 
pings, thus it is not immediate to transfer information from S D ^ to . Lastly, Barrett’s 
exhaustion argument does not apply to the Szego setting trivially. For these reasons, in this 
work we only focus on the domain Dp. We postpone to a future paper the investigation of 
Dp and W. 

Notice that the domain Dp is rotationally invariant in the 7.2 variable and can be sliced 
in strips. More in detail, let us fix zi G C such that | log |z 2 1 2 1 < P — 7 : then, the set 

£>p(z 2 ) = {zi G C : (zi,z 2 ) € Dp} = {zt e C : |Imzi -log|z 2 | 2 | < 

can be identified with a strip of width n. All these characteristics will be reflected in our 
results. The rotationally invariance in the z 2 -variable will allow us to use the theory of 
Fourier series, while the “strip-like” geometry in the zi -variable will make the results for 
the Hardy spaces on a strip available. 



Figure 1. A representation of the domain Dp in the (hrui. log |Z 2 1)-pItme. 

In order to define Hardy spaces on Dp we need to establish a H p -type growth condition 
for holomorphic functions on Dp. Instead of considering a growth condition on copies of 
the topological boundary bD p, we decided to consider a growth condition on copies of the 
distinguished boundary 3Dp. This seems to be a natural choice given the geometry of the 
domain. 
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In detail, the distinguished boundary d/fj, is the set 

(1.2) = E\ U.E 2 U-E 3 U-E 4 , 
where 

Ei = j(zi,z 2 ) :Imzi = p.log|z 2 | 2 =(3-||; 

Ei= |(zi,Z 2 ) :Imzi = P-7t.log|z 2 | 2 = P- "} 

Ei = |(zi,z 2 ) Imzi = —p,log|z 2 | 2 = - (P-|)}; 

£4 = {(zi ,z 2 ): Imzi = -(P - it),log |z 2 | 2 = - (p - |) } . 

For every p £ (1,°°), we define the Hardy space H P (D jj) as the function space 

H p (D'o) = |F holomorphic in Do : \\F\\ P HP(n , , = sup L p F(t,s) < °° 

1 p Me[o,5)x[o,p-5) 

where 

(1.3) 


L p F(t,s ) = 


LX |f ^x + i(s + f),e-e 27t,e ^ | dQdx + J 

+J J F (x + i(s-t),e?e 2lcS ^J 


dQdx + 
p 

dQdx -■ 


F — i(s + t),e 
F (x — i(s — t),e 



p 

dQdx 



p 

dQdx. 


We emphasize that the domain D jj is not a product domain, while, on the other hand, 
every component E( of the distinguished boundary is and it can be identified with IR x T. 

The main results we obtain describe the good behavior in Sobolev and L p scale of the 
Szego projection S D' associated to the Hardy spaces just defined. A trivial remark is that, 

due to the definition of the spaces H P {D'^). the associated Szego projection So' acts on 
functions defined on the distinguished boundary of D p. 


Notation. Before stating our results, we describe here some of the notation used in the 
paper. As we already mentioned, the distinguished boundary d/lj, has 4 different com¬ 
ponents, thus when considering a function cp : -yC we actually mean a vector cp = 

(cpi,tp 2 , 93 , 94 ) where each function 9 / is considered as defined on the component E t . t = 
1,...,4 of the distinguished boundary. Recall again that each E( can be identified with 
RxT. 

Given p £ (I, 00 ), the space L p (dD p) is the function space 


L p ( dD ' p ) = {9 = (91,92,93,94): 


II P 
II LP 


~ 52 II^'IIlHIRxT) < °°^ 


1 =1 


We use the notation H p (dD jj) to denote the closed subspace of L p (dD' p) consisting of 
functions that are boundary values for functions in H P (D jj). If F £ H p (D p), we use the no¬ 
tation F to denote the boundary value function of F. To be consistent with this convention, 
from now on the Szego projection associated to />j, will be denoted by S, i.e., the operator 
S is the Hilbert space orthogonal projection 
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If \j/ is a function in C^(IR x T), we denote with ) the Fourier transform of \j/ 

in the first variable and the jth Fourier coefficient in the second, i.e., 

FbW{%J) = ^z[ [ Mx;l)e^ lx ^e- lniJ ' 1 d^dx. 

2n Jr Jo 

If p is a function in we denote either by /} or f [u] its Fourier transform. The 

inverse Fourier transform will be denoted either by p or [ju]. 

Given p £ (1, °°) and a real number k > 0, the Sobolev space W k,p (3Dp) is the function 
space 


(1.4) W k ’ p {dD'p) = {cp= ( 91 , 92 , 93 , 94 ) : |l9ll^ (aD p = E H < P«C*j> ( r x t ) < “I’ 


where 


H'^PlRxT) ' 


[ E e 2 ^JF R l [[1 +f + (-) 2 ]^9t(;D] ^ 

JRxT j £Z 


dxdy. 


We adopt the non-standard notation Ch (Tv) and Sh(x) for the hyperbolic functions cosh (a) 
and sinh(x). 

The main results we prove are the following. 


Theorem 1.1. The Szego projection S extends to a linear bounded operator 

S : L p (dDp) —>H p (dDp) 
cp n- Sep 


for every p £ (1,°°). 

Theorem 1.2. The Szego projection S extends to a linear bounded operator 

S : W k ’ p {dD'^) -+ W k ’ p {dD'p) 
tp (—)• 5(p 


for every p £ (I, 00 ) and real number k > 0. 

Besides these theorems, we carefully study the spaces H P (D jj) proving a series of re¬ 
sults such as a Fatou type theorem (i.e., pointwise convergence to the boundary values), a 
Paley-Wiener type theorem for the space ll 2 (D'^) and a nice decomposition for the spaces 

H p (D'p). 

The paper is organized in the following way. In section [2] we recall some results con¬ 
cerning the Hardy spaces on a symmetric strip. The boundedness results of the singular 
integrals which arise in this context are consequence of the standard theory of Calderon- 
Zygmund convolution operators, but, to the best of the author’s knowledge, they do not 
appear explicitly in the literature. Therefore, we give some hints for the proofs since we 
perform some computations which will be used in the sections that follow. In section [3] 
we study in detail the Hilbert space H 2 (D jj). In Section[4]we study the spaces H P {D jj), 
p £ (I, 00 ), and we prove Theorem ll. H and Thcorem l 1 .21 

Unless specified, we will use standard and self-explanatory notation. If necessary, we 
will point out at the beginning of each section the notation conventions. 

We will denote by C, possibly with subscripts, a constant that may change from place 
to place. 
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2. Hardy spaces for a symmetric strip 


In the introduction we mentioned that the non-smooth worm domain D p can be sliced 
in strips. This feature of D p will be fundamental in the development of the Hardy spaces 
// p (Dp) since it will allow us to use the theory of Hardy spaces on a strip. Hence, we recall 
here some results concerning the H p (Sp) spaces where Sp is the symmetric strip 

Sp = {x + i>GC: \y\ <p}. 


The results contained in this section are well-known. The boundedness results of the 
singular integrals which arise in this context are consequence of the standard theory of 
Calderon-Zygmund convolution operators. Some of these results are contained in [Tf| and 
ea, nevertheless, for the reader’s convenience, we include here some details. For full 
details, we refer also to l28l . 

For every p g (1,°°), the Hardy space H P (S$) is the function space 
H p {Sp) = {/ holomorphic in Sp : ||/|| ffP(Sp) < °°|, 

where 


( 2 . 1 ) 



sup 

0<)><p 


/J 


\f( x + iy)\Pdy+ / \f(x-iy)\ p 


/ R 



By Mean Value Theorem, it is immediate to prove that 


(2-2) sup|/(z)| <C K \\f\\ HP{s ) 

zeK 

where K is a compact subset of Sp. 

Now, we recall the well-known Paley-Wiener Theorem for a strip, which relates the 
growth of a holomorphic function in a strip with the growth of the Fourier transform of its 
restriction to the real line. We refer to ll30l for the proof. 


Theorem 2.1. (Paley-Wiener Theorem for a strip) Let /o in Zr(R). Then the following 
are equivalent: 

(i) /o is the restriction to the real line of a function F holomorphic in the strip Sp such 
that 

sup / \F(x + iy)\ 2 dy < 
b'l<P"' R 

(if) ePI^/ 0 GL 2 (R). 

Moreover, the following relationship holds 

(2.3) F(z) = ^-f fo&y* d% = [ e - Im ^-)/ 0 ](Rez). 

2.k a 

Since 35p has two boundary components and each of these components can be identified 
with the real line, the notation Z/(3Sp) denotes the space of functions cp = (tp + ,(p_) such 
that 

= J R l < P+( x )l P dx + J^\(?-(x)\ p dx < oo. 

We use the notation tp± since we think of tp + as a function defined on the upper boundary 
of the strip Sp and of cp as a function defined on the lower boundary. 

Theorem 12.11 guarantees that the function f K (x + K;'P) := J r ~ l {e~ K ^'' , fo\(x) is well- 
defined for K g {+, —}, therefore we can endow II 2 (.S'p) with the inner product 

(/>£)// 2 (Sp) := (/ ’S) L 2^ s ^y 

The space FI 2 (Sr) is a reproducing kernel Hilbert space with respect to this inner product. 
Hence, from (12.2b and the Paley-Wiener Theorem, we obtain the following result. 
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Theorem 2.2. The reproducing kernel of the Hardy space II 2 (Sf) is the function 


Moreover, for all f £ // 2 (5p) 


0 i(w-z)l 


dt, = 


RCh[2(3g * 2pCh[^(w-z)]- 


lim f(- + iy)=f± 

y->±|3 

where the limit holds in L 2 (R) and for almost every x in R 

The integration against the kernel Ks p induces an operator which can be continuously 
extended to L p (dSp) for every p £ (1,°°). 

Theorem 2.3. Let cp = (cp + ,cp_) be a function in LrfdSp) nL p (35p), p £ (1,°°) and con¬ 
sider the operator cp i —> Sep where 

5cp(z) := / cp + (x)ZsTs B (z,A:-t-!p) dx+ / <p-(x)KsJz,x — i$) dx. 

Jr p Jr p 

Then, the operator cp i —> Sep extends to a bounded linear operator S : L p (dS p) —► H P (S p). 
Proof For future reference, we observe that for a function cp £ LrfdSp) n U'ldS^) it holds 


(2.4) Scp(z) = 


e -(Im?+P)(-)^ 


L 2Ch[2p(-)] 


(Rez) + Jf - 1 


g—(Imz—P)(-)<j£ 


L 2Ch[2p(.)] 


(Rez). 


This formula is immediately deduced from Theorem l2.2l and Plancherel’s theorem. The L p 
boundedness of the operator S easily follows from Mihlin’s multipliers theorem (see, e.g., 
HD Chapter 5]). □ 


We conclude the section studying the L p regularity of the Szego projection associated 
to the spaces H P (S$), p £ (1,°°). 

Given cp = (cp + ,cp_) in Z/(3Sp), define the function Sep = (5 , cp + ,5cp_) by 

- , r g — 2P(-)m^ -| r m3 

5 cp,(x + /P) = JF 3-7—7x777 ,, [x) + JF r—T- rori , (x) 


scp-(x+;p) = j- 1 


L 2 Ch [2 p (•) ] J 

9+ ' 

L 2 Ch [2p (-)] J 


L2Ch[2p(-)]J 


(*) + J _1 


, 2 P(0 


9- 


L2Ch[2p(-)]J 


(x). 


Consider now the operator cp Sep and define 

H'fdSp) = (cp = (<p+,q>-) € L'fdSp) : 3/ £ Z/ P (5p) s.t. /+ = cp+,/- = cp.}. 
Then, // p (5Sp) is a closed subspace of L p (dD jj) and the following theorem holds. 


Theorem 2.4. Let cp be a function in L p (O.S’p). p £ (I, 00 ). Then, 

(2.5) lim Scp(- + ry)) = 5cp 

y->P T 

where the limits are in Z/(R) andpointw’ise almost everywhere in R. Moreover, the oper¬ 
ator cp 1 —> Sep extends to a bounded linear operator 

5:Z/(aSp)->// p (aSp) 

for every p £ (1,°°). 


Proof. The boundedness IffdSp) —► L p (c)Sp) of the operator S is immediately obtained by 
means of Mihlin’s multipliers theorem. In order to conclude the proof is enough to prove 
that (12.51 holds. We do not include the details of the proof in full generality, but we give the 
general idea in a simplified situation. Namely, we prove (12.51 for a function cp = (cp+,0) in 
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U’(f)Sf) meaning that cp_ = 0. Instead of computing the limit for v - > p , we compute the 
equivalent lim E _ > o+ S<p[- + ;(p — e)], where, using Theorem l2.2l and (12.41) . 


v r , yr-cii-J- / (P+Cx-y) , _ J_ f <P +{x-y) 

>l 2p ,/e Ch[^p(y +/(2p — e))] ay 2p/4sh[^(y-/e)] 


k 


2p 

cp + (x-y) 


dy 


Ch[$]sin[f|] 


'IR 


Sh 


,2rJCVi 


sin 2 f %] dy 2p 


<p+(^-y) 


Sh[^]cos[^] 


UpJ 


R 


Sh 


.2 r ny i 


- sin 


2 rue 

Up j 


-dy 


(2.6) = [fsr E *(p + ](x)-t[^e*(P+]W- 


Thus, we can study the kernels K e and K e separately. It is not hard to prove that the family 
of functions {Op} is a summability kernel, while the operator associated to the kernel 


K f can be studied comparing it to the singular integral operator T defined on Schwartz 
functions by 


Tg(x)= lim 

e->0+ 


f g(x-y) 
J\%\>* Sh [^] 


dy. 


The conclusion follows now by the classical theory of Calderon- Zygmund singular integral 
operators. □ 


Remark 2.5. We point out that if cp £ To°(3Sp), he., cp + and cp_ belong to CJ°(R), then Stp 
belongs to H p (Sp) Cl C(Sp). This fact easily follows by Lebesgue’s dominated convergence 
theorem and (12.4b . 


3. Hardy spaces on Dj,: theL 2 -theory 

In this section we study in detail the Hardy space H 2 (D p). One of the main feature of 
// 2 (Z)p) is that it can be written as direct sum of orthogonal subspaces and each of these 

subspaces turns out to be isometric to a weighted H 2 space on a strip (Theorem l3.2b . 

We use the notation (z.\, -Zi) to denote an inner point of Z)p, while we use the notation 
(£i, C 2 ) to denote a point of the distinguished boundary d/lj,. 

Using only the definition of H P (D jj), it is not hard to prove that every function F in 
H p (Dp), p £ (I, 00 ), admits a boundary value function F = (F\ , Fj. F 3 , F 4 ) in L p (dD p) at 
least in a weak-* sense. 

We define a family of functions F t . s = (Fi tt ,s ,F2,t,s-,F3,t,s,F4,t,s) in LPfdD jj) by restricting 
F to copies of the distinguished boundary 3Z)p inside the domain Z)p. Namely, given a 
function F in H p (D'^), p 6 (1,°°), for every (; t,s ) £ [0,?) x [0, P — ”), we define 

C 1 , ?iS (Ci,C2):=C(ReCi+/^ImCi, e -^ (p -5- s) C2): 

F 2 : ,AtiX 2 ):=F(R^i+i^lmi; l ,e-^-%- s K 2 ); 

P — 7t 

T3, r , s (Ci,C2):= J F(ReCi+^ImCi,^ (p -5 +s) C 2 ); 

C4, r , s (Ci,C2):=C(ReCi+/^ImCi,e2 (p -5 +s) C2). 

The following proposition is elementary. 

Proposition 3.1. Let F be a function in H p (Z)p) , p G (1,°°). Then, the following facts hold: 

(/) there exists a subsequence F( t ^ n which admits a weak-* limit F in L p (dD p); 

(ii) for every compact subset K ofD j), the estimate 

sup |F(zi,z 2 )| <C k \\F\\ p hp 

(zi ,Z2 )£K 
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holds. 


We now focus on the space H 2 (D p) and prove that it admits a nice decomposition which 
allows to describe explicitly its reproducing kernel. 

Theorem 3.2. The Hardy space H 2 (D p) admits an orthogonal decomposition 

(3.1) " 2 ( D') = 0^ 

jew 

where each df 2 is the subspace ofH 2 {D p) defined as 

(3.2) = {Fe H 2 (D'p) : F( Zl ,e ie z 2 ) = e ijd F(z h z 2 )}. 

Moreover, each subspace 9fj is isometric to the Hardy space of the strip H 2 (Sp) equipped 
with a weighted norm depending on j. 

The proof of Theorem [372] will follow from a series of results that we state and prove 
separately for the reader’s convenience. 

Using the rotationally invariance of Dp in the Z2~variahle and the connectedness of the 
set -Dp(zi) = {z 2 £ C(zi ,z 2 ) £ Dp } for every fixed z\ , it is not hard to obtain the following 
proposition. See also d or Eli. 

Proposition 3.3. Let F e// 2 (Dp). Then, 

(3.3) F{zi,zi) = £ I' F(zi,e 2 « m z 2 )e- 2ni * dQ = Y Fj(zi,z 2 ) = Y 

jeW, Jo jew jew. 


where the series converges pointwise for every {z\,z 2 ) £ Dp and each fj belongs to the 
Hardy space // 2 (5p). 

Since each function fj belongs to the Hardy space II 2 (S^), all the results contained in 
the previous section are available. In particular, we know that each function fj admits a 
boundary value function fj in L 2 (3Sp). 

By the Paley-Wiener Theorem for the strip, the // 2 (Dp) norm of each function Fj in the 
sum (13.3b is easily computed. In order to be consistent with the notation of Theorem 12. 11 
we denote by /),o the restriction of the function fj to the real line. 


Proposition 3.4. Let Fj{z.\,z 2 ) = fj(z\)z!, be a function in ‘Jf 2 , j £ Z. Then, 

\\fj [• + i(P - j)] \\]p-(Sk ) + \\fj[- - i(p -1)] ||^2 (Sjt > 


II f /II//2(zj' p ) 


ft Jr 


l/;,o(^| 2 Ch(Jt^)Ch[(2p — 7t)(^ — ^)] d.%. 


In particular, 


supU2Dy(f,s) = lim Tj 2 Fj(t,s). 


M 






Remark 3.5. Notice that, for every j fixed, the quantity 

(3.4) WfjW^ = \\fj\\l m ■■= \ / R |^o(^)| 2 Ch[^]Ch[(2P-7t)(^-^)]^ 

defines a norm on H 2 (S p) equivalent to the standard one. In conclusion, the previous 
proposition shows that Fj i—J fj is an isometry between 9fj and D^dSp). This proves the 
second part of Theorem l3.2l 
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from the 


Proposition 3.6. Let be F a function in H 2 (D p). Then 

\\ f \\ 2 hVd' ) = SU P E ^2 F j(t,s) = E sup LiFj(t,s) = £ ||F/||2 , 

V My'eZ y'eZM ;GZ k 

where the supremum is taken over (t,s) G [0, x [0, p — ?). 

Proof. We already know that ||F|| 2 2 ,„, \ = sup£, eZ LaFj{t,s)\ it trivially follows 

p h,s) 

orthogonality of trigonometric monomials. We would like to prove that it is possible to 
switch the supremum with the sum, i.e., 

sup £ LiFj{t,s) = £ supLiFj(t,s). 

(t,s) jeh jeh ( t,s) 

Since we know from Proposition [3T4] that supL 2 Fj(t,s) = limZoF^f ,s), we can conclude 

(t,s) (' a ) 

the result using monotone convergence. □ 

Remark 3.7. From Pronosition l3.3l and Proposition l3.6l it is easily deduced that the series 
(13.31 ) converges not only pointwise, but also in norm. That is, 

\\ F - E ^vll^ 2 (z>') — 

j=-N P 

as N tends to +°°. 

Finally, we are able to prove that a function F G H 2 (D p) admits boundary values in 
L 2 (3Z)p). Let F t s be the function defined in Pronosition l3.il 

Proposition 3.8. Let F(zi,Zi) = £ fj{z\)z{ be a function in H 2 {D'f). For (CgC 1 ) £ dD' R 

je z ‘ P P 

define 

F&tXi) := E ^(Ci.fc) = E fj&i)& 

je z yez 

T/zen -> F in L 2 {dD ' p ) as (m) -> (f ,p - f) and ||F|| ff2(z y p) = \\F\\l\W^)- 
Proof Proposition 13.61 guarantees that F is well defined. Since F is in H 2 (D'„), it holds 


ll-F Ft Al 2 (dD')—1L^ F j Hl 2 (3£>' 


oo. 


jeli 


Moreover, \\ F j ~ ( F j),,s\\ 2 L 2 ^ D ^ ^ 0 as (t,s) ->■ (§,|3-§). Notice that 
(3.5) \\ F -F,J 2 l2 < ||Fy||^ + SUp||(Fy) f) J 2 2 +2sU P ||(Fy) tiJ || L2 ||Fy|| i2 

{t,s) (: t,s ) 

where the suprema are taken for (t,s) G [0, x [0.(3 - *). From Proposition 13.61 and 
Holder’s inequality we obtain that the right-hand side of (13.51 ) is summable. Therefore, by 
Lebesgue’s dominated convergence theorem, we can switch the sum and the limit obtaining 

MHI 

The conclusion follows. □ 


As in the case of the strip, we identify the inner product in H 2 (D p) as an L 2 inner 
product on the distinguished boundary. Namely, given F, G in H 2 (Dp), we define 

(3.6) <F,G) ff 2 (z y p) := <«2- 

The decomposition (13.11 ) is an orthogonal decomposition with respect to this inner product 
and Theorem l3.2l is finally proved. 
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3.1. The Szego kernel and projection of Dp Before investigating the reproducing kernel 
Kjy / of H 2 (Dp, we investigate the reproducing kernels of the subspaces r Jfj. The particular 
structure of each Ip 2 and Proposition 13.41 allow us to look for the kernels of the spaces 
D?(Sp), that is the Hardy spaces of the strip endowed with the weighted norm defined by 

dm 


Proposition 3.9. The reproducing kernel of II j(Sf) is the function 

kj(zi,Z2) = 7T- / --— d%. 

J 8Jt At Ch[jt^] Ch[(2p - ji) (^ - ^)] 


Proof Given 7,2 in Sp and / £ Hj(Sp), using the definition of reproducing kernel. Remark 
I3.5l and Theorem 12. II we obtain 

f(z 2 ) = (f,kj(;Z 2)} H 2 (Sp) 

= lf M)Q&Z2) Ch(jt^) Ch[(2(3 d\ 

tt JR 2 

2n Jr 


It follows 


kj,o(^,Z 2 ) 


1 e ~ K & 

4Ch(^)Ch[(2(3-7t)(^-p] 


and, using the inverse Fourier transform, we finally obtain 

1 r J(zi-Z 2 )$ 

k,(zi,Z 2 ) = — / - t — d%. 

J Jr Ch[tt^]Ch[(2(3 — 7t)(^ — 2 )} 


□ 


The reproducing kernel of H 2 (D p is then given by 

Kd> [(wi,W 2 ),(zi,Z2)] = Y W2 J Z2 J kj{wi,Z2 ) 
jez 

(3 ?) = y w 2 ] zf J r __ 

h 871 ^Ch[^]Ch[(2P-Jt)(^-i)] 

where the series converges in H 2 (Dp) for every fixed (z,\ , 7 , 2 ) in Dp. 

If we fix a compact subset K in Dp we have a stronger convergence for the series which 
defines K n i. 

Proposition 3.10. Let us consider K D ^1 (z, Q = K D ^1 [(zi,Z 2 ), (Cl , C 2 )] where (£ 1 , £ 2 ) G dDp 
and (zi,z 2 ) varies in a compact set K C Dp Then, 

Y sup \kj(ziXi)zili\ <°° 

jeZ(z,Q€KxdD'p 

Proof We prove the proposition supposing that (£ 1 , £ 2 ) is in the component E\ = {(zi ,z 2 j: 
Imzi = p. log |z 2 | 2 = P — f } of r)Dp The general case will follow analogously. In order to 
estimate the size of kj, suppose for the moment that j < 0. Then, 

g -[Imzi+P]£ 

Ch[^]Ch[(2P-7t)(^-p] d% 

e -[Im Z 1 +P]^ 

Ch[^]Ch[(2P-7t)(^-i)] 4 ' 



\kj{ziXi)\ = \kj (zj, x 4 “i"P)| < [ 

J R 
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It follows that 


/ 


g-[Im Zl+P]^/^ 


L 


Ch[jt^] Ch[(2(3 — 7t) (^ — 2 )] 

fO e -[Im ;i +P]^ 

i Ch[^]Ch[(2p-7t)(^-4)f 

g-[Im Zl +P]^ 


L 


i e -[lmci+P]5^ e -;'(P-f) e 4(P-Im;i) 


^-(2P-*)K-i) 


' g 


P - Imzi 


L 


i e“[ Im: i+P]^ /(B _*)e“2 [Inul+3p_2,cl -l 

^ e (2P-ic)(5-4) Imzi+3P-27i ’ 


e J ^e v 


0 Ch[<|Ch[(2P-lt)g-i)] 


r 

Jo 


e 


-[Imzi+P]^ 


e Jt^ e (2P-Jl)(^-4 




e 


J(P-f) 


Imzi + 3p 


J [lnl 7 , -3[) 2jc] | 


Notice that all these estimates do not depend onRe^i and the term — i m -,- 1^-271 
singular when Imzi + 3P — 2 jc —>• 0. Finally, 


is not 


E l®M ( 

j< 0 


~^\kj{zi,x + i^)\ 


;<ol 


e 4 [log|z 2 | 2 +f —Imzi] e 2 [logh 2 | 2 -Im;i + f] e 4 [log |z 2 | 2 +3P—^E] e 4 [ 3 P~ |^+Iog 1-21 2 ] 


P - Imzi 


Imzi +3P — 2 n 


Imzi +3p 


and it is immediate to see that we get a uniform bound for (zi ,Z2) 6 K. Analogous compu¬ 
tations prove the estimate for the sum over positive /s. □ 

We prove now that the integration against the kernel K n ^ not only reproduces function 
in H 2 (D p), but actually produces functions in // 2 (72 j,). 

Proposition 3.11. Let cp be a function in l? (d/2|,). Then, the function 

S(?(zi,z 2 ) := [(•,•), Oh>Z 2 )]) L 2 (aD / ) 

is in // 2 (Dp). Moreover, 

Il^tpll/Fiop < II^Pllz, 2 (3z)p)■ 

Proof. It is sufficient to prove the theorem for a function in Lr(dD'^) of the form cp = 
(cpi,0,0,0). The results for a general function cp will follow by linearity. Therefore, by 
Plancherel’s theorem. 


H^LWp) = ^ E f n \:favi&T )\ 2 d *>- 


The holomorphicity of .S'cp is obtained using Proposition 13. 101 and Morera’s theorem. It 
remains to prove that S cp satisfies the H 2 growth condition. By (13.7b we obtain that 

S(p(u + iv,re 2m ^) = [ [ cpi(x,0) E kj(u + iv,x + i^)r-’e 2nd ' , e^^~~^e~ 2n, -’ e dQdx 
JR Jo ifj; 


= - £ 

4 jez 


e-(v+P)(')j R cpi(-J) 


(«)■ 


Hence, 

l 


f [\S(p[u + i(s + t),e’ 1 e 2mr \\ 2 d'Ydu = E f 
J J .p-WR 


Ch[3C-] Ch[(2P - 7C)(- - i)] 

e-O+P-DK-Dg-lf+O^^q) ifej) 2 


R 0 

(3.8) 


87tCh[jt^]Ch[(2p — 7t)(^ — j)] 


dL, 


^Et^if^) d & 


jeZ 


'R 
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By analogous computations, we can estimate the other three terms of the H 2 growth con¬ 
dition ( 11 . 3I > and conclude the result by taking the supremum over (t,s) £ [ 0 . |) x [ 0 , p 


?)■ 


□ 


Remark 3.12. We report for completeness the explicit expression of S(. p given a general 
initial data cp = (tpi,cp 2 , 93 , 94 ) in L 2 (dD'^). The formula is obtained combining (13. 6I > and 
(13.7b . Let (u + iv, r 2n '7) in D'^, then 


Sq>(u + iv, re 2niT ) = ^9 ,K D ^[(-,-),{u + iv,re 2% ‘^ 


(3.9) 


4 76 z 

+ !£ r i c i ( H ) e 2 «ijr fR i 
4 jez 

4 jex 


jex 


<H v+P)() Jir.9i(-J) 

Ch[jc-]Ch[(2P-Jc)(-i)] 

e-( V+ p - It )(')jR92 ( -,/) 

Ch[7t-]Ch[(2p-7t)(--i)] 

e -(v-P)(-)y R(p3 (. ; J) 
Ch[jc-]Ch[(2p-Jc)(-i)] 
e -(v-p+« k-)^ 9 4( . i ; ) 
Ch[7T-]Ch[(2p — tc)(- — ^)] 


(m) 

(«) 

(«) 

(«)• 


Since .S '9 is a function in H 2 {D jj), we know it admits a boundary value function 59 = 
(( 59 ) 1 , ( 59 ) 2 , ( 59 ) 3 , ( 59 ) 4 ) in L 2 (0Dp). For the reader’s convenience, we adopt the nota¬ 
tion ( 59 )^ :=59^, £= 1,... ,4. 

We obtain an explicit formula for .S' 9 j, that is the boundary value function of S 9 on 
the component E\ of d/fj,; the formulas for the other components ,S - 9 ^,i = 2,3,4, can be 
analogously deduced from (11.2b and ( 13.9b . 

Given 9 in L 2 (dD jj), we define a function t|/ = (\|/i,\|/ 2 ,^ 3 ,^ 4 ) in L 2 (3Z)p) where we 


set 


V i(x+/p,^(M) e 2 ™7) := i £ e 2 ™*?- 1 

4 7eZ 


1 


1 


Ch[jc-]Ch[(2P-jc)(--i)] 


(3.10) 


+iE^V 




Ch[jt]Ch[(2p — Jt)(- — p] 
_ffk<P3(-,/)_ 

Ch[jt-]Ch[(2P-Jt)(.-4)] 

e -"(-)y ]R 94(. 5 j~) 


(x) 

W 


_Ch[jf]Ch[(2P-Jt)(--4)] 
Using the notation of Pronosition l3.il we have the following convergence result. 
Proposition 3.13. Let 9 be a function in L 2 (dD'^). Then, 

ll[S<Pl "” - = 0 

ly In particular, 59 = t(J. 

Proof. We only prove explicitly that 

||[S9]i,m —Vi|Il 2 (£i) ->0 


W; 
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for a simpler function cp of the form cp = (cpi ,0,0,0) in L 2 (3D«). The complete proof for a 
general function cp is obtained with similar arguments. From (13.9b and (13.10b . we obtain 


||[5cp]i,M-¥i|li2 (£l) = ||5cp(- + j(s + 0>^e 27t '' ( ' ) )-v|/i(- + /p,e^P 5, e 2m ' ( ' ) )|| 2 2(RxT) 


— E 

87r jez 
1 


R 


FrVi(Z,J)- 




Ch[^]Ch[(2P-Jt)(^-i)] 


dq 


< 871 U 


?R<Pi foj) d% 


< oo. 


By Lebesgue’s dominated convergence theorem, we can conclude. 


□ 


Let us define 


H 2 (dD'p) := {<p= (q> l5 <p 2 ,cp 3 ,<p 4 ) &L 2 (dD^) : 3F€H 2 {D'^) s.t. cp = F}. 

We conclude the section with a Paley-Wiener type result. 

Theorem 3.14. (Paley-Wiener Theorem for DLet cp = (cpi,cp 2 ,cp 3 ,cp 4 ) be a function in 
L 2 (3Z)p). Then, cp is in H 2 (dD jj) if and only if there exists a sequence of functions {gj} jez, 
such that 

E f |f3©| 2 Ch^]Ch[(2P-7t)(^-^)]^<oo 

f^jR 2 

and 

cpi(x + ;P,e 2 (P-!) e 2 ^) = £ cp uix + ifteiV-Ver**; 
jez 

Cp 2 [x+t(p-7t),^(P-f) e 2^ = £ Cp2j[x + t(P-?)]^(P^ 5) ^ y ; 

jez z 

cp 3 (x-/p,e“2(P-f) e 27t '^ = £ <p 3J (x-i$)e~i®~^e 2nijy -, 

jez 

cp 4 [x-t(p-7t), e -2(p-!) e 2 ^] = Cp4i*-/(P~)] e -iM e 2 ^ 

yez 2 


where, for every j £ Z, 


cp L/ [x + iP] = J R ' 
CP3jU' + ('P) = Jr' 


e P() g;(-) W; 

e P( 'V;(')j W; 


cp 2 ,;[x + i(P-Jt)] = Jr 1 e (P " )( ' } gj (•) (x); 
cp 4J [x-t(P-Ji)] = ^r 1 (*)■ 


Moreover, 

(3.11) Sq(u + iv,re 2miT ) = £ rJ e 2m]y f£ [e~ v ^gj](u). 

jez 

Proof. Suppose that cp belongs to H 2 (dD'^). Then, the conclusion follows from Theo¬ 
rem [3T2] ED and the Paley-Wiener Theorem for a strip. Conversely, let {g ; } be a se¬ 
quence which defines cp = (cpi,cp 2 ,cp 3 ,cp 4 ) as in the hypothesis. It follows that .S’cp belongs 
to // 2 (Z)p) and the formula in Definition 13 .1 01 guarantees that .Vcp, = cpi. Analogously it 
can be proved for k = 2,3,4. The proof is complete. □ 
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4. Hardy Spaces on Dj^: the //-theory 

In this section we extend the results we have seen so far to the case p £ (1, °°). In detail, 
we prove Theorems o and 11.21 we prove that for every p £ (1,°°) the space H P (D jj) 
admits a decomposition analogous to (13.11) (Proposition 14.8b and we prove a Fatou-type 
Theorem, that is we prove that an appropriate restriction of a function F in H P (D jj), p £ 

(1,°°), converges to its boundary value function F pointwise almost everywhere (Theorem 
l4T4l >. 

For y and s such that (x+ iy,e?e 2my ) £ Dp, that is |s| £ (0, p — |) and \y — s| G (0, 5 ), 
we consider a family of operators {.S' y .. v } >vv , where 

(4.1) 5 Vjf (p(x,y) := Sq>(x + iy,e?e 2nq ) 

and the right-hand side of (14.1b is defined by ( 13.9b . 

We observe that the operator cp 1 —*Scp defined in Proposition 13.131 and the operators 
cp 1 —^ Sy >s <. p are well-defined for functions <p = (tpi , 92 , 93 , 94 ) where each 9 f,f = 1,... ,4 is 
of the form 


(4.2) = Y 9 e{x,j)e lnijy 

\j\<N 


with 9 e(-,j) in C'(”(E) for every j and the sum is over a finite number of j’s. Moreover, 
the set of functions 9 of such a form is dense in L p (dD p). 

For future reference, we point out that for a function 9 in L p (3Dp) of the form 9 = 
(9i,0,0,0), formulas (13.9b and (13.10b reduce to 


(4.3) 

(4.4) 


■M>(*>Y) = E 1 


e -(P-S+*)(-4) e -(!-'H-y)(-) (•,]■) 


W; 


59 1 (x + tP,e^ p -2)e 2,t, ' Y ) = £ e2nijJ ?R 

jex 


4Ch[7t-]Ch[(2P-Jt)(--4)] 

g -(2p-*)(.-i) g -«(.)^9 l( .,;)' 


4Ch[jc-]Ch[(2p-*)(■-£)] 


To obtain (14.4b we used also Proposition [3T3] 


(x). 


Proposition 4.1. Let 9 = ( 91 , 92 , 93 , 94 ) be a function in L p (dD p). Then, for every p G 

(I, 00 ), 

II^VA^IIlp^xT) < Cp\\ { V\\ L P(dD'f)-, 
where the constant C p does not depend on y and s. 


Proof By density and linearity it suffices to prove the theorem for a function 9 of the 


N 


form 9 = ( 9 i, 0 , 0 , 0 ) where 9 i(x,y) = £ 91 {x,j)e 2m ^ and each function 91 (-,_/) is in 

j=—N 

C^(R). Define 


: e -(P-S+*)R-i) 


and m'yjf) = 


Then, 

(4.5) 
where 

(4.6) 

and 

(4.7) 


2 4Ch[(2P — 7t)(^ — 4] 

SyMx, V) = PSa°^]9(*,Y), 


-(f 

Ch[jt^] 


N 


hq(x.y) = Y e2niJy ?n l 

j=-N 


^(•-|)^k9i (•,;') 


(x) 


K,Mx,Y) = Tr 1 K,(-)^r9i(-,Y)] (*)• 
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In fact, it is immediate to see from (14.6b that 


W4P(-,YM)= E 

j--N Z 

hence from (14.7b we obtain (14.5b . We recall that y and s are such that (x + iy,e^e 2n ^) is 
in Dp, thus |s| £ (0,(1 — |) and |y — s| £ (0, ”). Then, by Mihlin’s multipliers theorem, 
it is not hard to prove that in' is a multiplier of L P (1R) for every p £ (1,°°) with norm 
independent of y and s. Thus the operator X' s extends to a bounded linear operator L p ( Ex 
T) ->y(RxT) for every p £ (1,°°), About X s , by elementary properties of the Fourier 
transform, we have 

M>(*,Y) = i / E k<P!(5 + Lj)** d% 

2 k J r j±± N 2 

= i/ E d$. 

2n Jr 

Therefore, by a change of variables and the periodicity of the exponential function, 
\X s <$(x,i)\ p dxdy 


/RxT 


r f ^ [ rn s {%) E d\ 

Jo Jr 2k Jr 


0 tR 


— / m s {%)9 k 
2k Jr 



d% 

lj=-N J 



dxdy 


dxdy. 


Again, by Mihlin’s multipliers theorem, we obtain that m s is a multiplier of L p (II) for 
every p £ (1,°°) with norm independent of s. Therefore, if we prove that the function 

N .j 

£ e“4 r (p[ ( tj)e 2%!;Y is in L P (1R x T), we will obtain the L p boundedness of the operator 

j=-N 

X s . By a change of variables and the periodicity of the exponential function, we have 


N 


j=-N 


>1 


,2nijy 


dydt= f [ E <Pi(TJ> 27I ’ 7y dydt = \\(?\\ p LP(dD , ) 

JM.J0 j=—N v P' 


Finally, we conclude the proof exploiting the boundedness of the operators X s and X' s and 

(1431 . □ 

The last proposition allows us to prove that the operator S defined by (13.9b extends to a 
continuous operator with respect to the L p norm. 

Theorem 4.2. For every p £ (1,°°), the operator S extends to a bounded linear operator 

S:L p (dD'p)^H p (D'p). 

Proof. Suppose that cp = ((pi, 0,0,0) is a function in L p (dD'^)(JLf(dD'^). Then, Proposition 
B.lll assures that St p is holomorphic on D^. Moreover, 


II 5 ( pIIr/ 7 d') = su p - p - 

P ( t ,5)6[0,f)x[0,P-f) 


(4.8) 


= sup 

M 

<Cp|| 


LpSy{t,s) 

H^s+f.jtpIlLP + + ll‘^-(5+r),-.s < PllLP + 

’ll ^(ao'p) 
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with C p independent of t and s thanks to Proposition 14.11 Thus, we proved the theorem 
when cp is in L p (dD jj) nL 2 (3Z)p). By density we obtain the proof for a general function cp 
in LP(dD'^. □ 


It remains to prove that Sep admits a boundary value function Sep in IP. In order to keep 
the length of this work contained, we only prove explicitly that that the component Sepj of 
Sep is the function defined by (13, 10b . 

Theorem 4.3. Let cp = (ep i, ep 2 , ep 3 , ep 4 ) be a function in L p (dD jj). Then, for every p € (1,°°), 

(4.9) lim ||Sep[. + /(, + t) )e 2 e 2lt! '-]-5epillLP(RxT)=0. 

M-Kt.P-S) 


The proof of the theorem will follow from a series of results that we state and prove 
separately. Let us fix some notation. Given ep = (cpi,0,0,0), from (14.4b . (14.3b and simple 
computations, we obtain 


[SePt ~Ss+t,s<?]{x,y) 


= L* 2nijy r R l 

jew, 


CT — (2P—7r)(— f) -%(■) _ g—(P-f +*)(—i)g —(j+0(•) 




(x) 


4Ch[jt(-)] Ch[(2(3 —7t)(- — 2 )] 

= £ e mj ^ R l R«P1 (•,/)] W+I K s fJ)7 -iKPt (•,/)] to 

jez jew, 

(4.10) 

= Tt I M x ^) +T t I !Mx,y), 


where 


= o 


1 

' e -Kf _ e -(5+05" 


8 

[ Ch[jc5] J 

[ Ch[(2p — 7t)(£ — 4 )] J 

1 


-g-pp-iOffi-i) -«-(M+*)(H)' 

8 

Ch[jc^] 

[ Ch[(2P-jc)fi-i)] J 


m t,s(£,J)= g 

Thus, similarly to the proof of Proposition 14. 11 the operators T/ s and T t u s can be seen as a 
composition of simpler operators. Namely, 

(4.11) T t \Mx, y) = [A 2 o E 2 ]ep(x,y) 

(4.12) T t f.(p(x, y) = [Af o S?]cp(x, y), 


where A 2 , E 2 , Af and E f are defined by 


A 2 ep(x,y) := £ / 

77%. 2K J IF 


e^in f g-(2p-7c)K-i) + ^-(P-f +*)«-£ 


jtw 2 * Ch[(2P-7c)fi-i)] 




Sfep(x,y) := 2- f - 

2k Jr 


_ g - (f +05 

chm 


-Ur 9 i(^Y )e^d%\ 


Afep(x,y) := £ 


e 2Mjy , e -(2p-*)ffi-j|)_ e -(p-5 


^ 2jc 7r Ch[(2(3-:t)(^- 2 )] 




Sfep(x,y) := 7 - 


e n ^ + e 


-(f+05 


2ji Jr Ch[7tq] 


Jr<Pi(^Y )e^dt,. 


So, in order to prove (14.9b , we study the operators A,. S,, A' and Sj separately. The 
realization of T/ s and T/[ as composition of these operators is particularly effective since 
the parameters t and s become, in some sense, independent. 
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Proposition 4.4. The operator A! s extends to a bounded linear operator 

Af : L P (R x T) —»• Z/(R x T) 

for every pG (1,°°). Moreover, if \\\A! s \\\ p denotes the operator norm of A! s , it holds 
(4.13) 


sup 

je[0,p—f) 


\s \\\P 


< oo. 


Proof. By density it suffices to prove the theorem for a function g of the form g(x.f) = 
N 

Y, g(x,j)e 2m ^ and each g(-.j) is in Cf ( 111). Then, similarly to the proof of Proposition 

j=~N 

14. ll for the operator we obtain 


[ f \Kgi x :i)\ P dfdx 

Jr Jo 

-ft 

JrJ o 


-(2p-*)5 + -(p-f+>)5 r N 

-Jr 


2k Jr Ch[(2p-jc)§] 

By Mihlin’s condition, we obtain that the function 

(f -(2p-w)5 + g -(p-f+,)6 


■j=~N J 


dydx. 


(4.14) 




Ch[(2(3 —Jt)^] 

identifies a multiplier operator that is bounded on L , '(R) for every p £ ( 1 ,°°) and that 

N ,j 

satisfies (14.13b . Notice also that the function £ e‘2 x g(x, j)e 2ll ‘ rl is in L P (R x T). 

j=-N 

Finally, by Fubini’s theorem, 

[ [ \Kg(x,y)\ p dydx 
Jr Jo 

_|_ g-(P-f +i)5 


10 JR 
■1 


r n 


2k Jr Ch[(2p — 7i)4] 


Jr 


j=~N J 


dxd y 


<C P 


= C D 


10 JR 

■1 


E e^g(x,j)e 2 ^ 


o Jr 


i=-N 

N 


dxdy 


E 8{x,j)e™* 


j——N 


dxdy. 


□ 


A similar argument proves the analogous result for the operator Zf. 

Proposition 4.5. The operator Zf extends to a bounded linear operator 

Sf : L P (R xT)-> Z/(R x T) 

for every p G (1,°°)- Moreover, if |||Sf ||| p denotes the operator norm of Sf, it holds 

(4.15) sup |||Sf||| p <oo. 

»e[0,5) 

At last, we prove analogous proposition for the operators Zf and Af, but with an addi¬ 
tional conclusion. 

Proposition 4.6. The operator Zf extends to a bounded linear operator 

Zf: Z/(R xf)->L p (Rx T) 
for every p G (1,°°)- Moreover, 

SU P III^IIIp <°° 

(6[0,f) 
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and 

ll S rg||L/>(]RxT) = 0 

for every function g in Z/(R x T). 

Proof The boundedness of Ef follows once again by Mihlin’s condition, while the limit is 
computed as in Theorem l2.4l for the strip S*. □ 

Proposition 4.7. The operator Af extends to a bounded linear operator 

Af : L p (R xT)-> L P (R x T) 
for every p € (1,°°). Moreover, 

SU P lll A flllp <°°- 

i6[0,|5-f 

and 

I™, H A f^llLP(RxT) =0 

i->p-j 

for every function g in L p ( R x T). 

Proof The proof follows similarly as the proofs of Proposition ^. 4l and Proposition l4.6l □ 

Finally, using Propositions 14.4143114. 6l and 14. 71 we obtain the proof of Theorem l4.3l for 
a function cp of the form tp = (cpi ,0,0,0). The proof for a general function cp follows with 
similar arguments. Moreover, Theorem l4.2l and Theorem l4.3l prove Theorem ll.il 


4.1. Sobolev regularity. We can now prove Theorem ll.2l 

Proof As usual, it suffices to prove the theorem for a function (p = (tpi ,0,0,0). For such 
a function tp, it holds 






e - ( 2 (-,/)' 

Ch[7C-]Ch[(2P-Jc)(--i)] 


(x). 


We only prove explicitly that UStpj || w *,p(r x t) ^ ll^lln/*.p(a/y p )- With similar arguments, it 

is then possible to prove ||Sq>|| w *,p( 3fl /) < ||(p|| W xA-,p ( a z y). 

Notice that 

^ [[! . 


= E = 2 * i/ 'V 

jez 

= VjCt y), 

where = (t|/j, 0,0,0) with 


/ + (-)T^cp 1 (-,;)j(x) 

[1 + / + (.)2]§ e -(2P-7t)(-i) e -7t(-) 


Ch[jc-]Ch[(2p-Jc)(--^)] 


Jr(Pi i-j) (x) 


¥ f(x, Y ) := £ e 1 ^^ [[1 +7 2 + (-) 2 ]^cp l( -,j)l «■ 


Thus, 


ll^Ptl 


W k ’P{E{) 


= II sy* 


11 LP{Ei) 


and the conclusion follows from the L p boundedness of the operator S. 


□ 
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4.2. A decomposition of H P (D'^). In this section we prove that the the space H P (D jj) 
admits for every p £ (1,°°) a decomposition 

(4.16) 

jGZ 

analogously to (ED for the case p = 2. Recall that, for every j £ Z, 

Xj P = {f€ H p (Dp) : F(z 1 ,e 2 * ie «) = e 2nije F(z h z 2 )} ■ 

Thus, we will prove that given a function F in H P (D ^), there exist functions Ff s such that 


lim 

N-> OO 


F~ E 

j=—N 


= 0, 




where each function Fj belongs to ‘X p . 

At first, we prove the result for functions which belong to the range of the operator S. 
Once again, without losing generality, we prove the result using simplified initial data and 
the general result will follow by linearity. Given a function cp = (cpi, 0,0,0) in L p (c)D'^), 
we define 


S N v{x + iy,eie 2 ^)-.= E 1 

j——N 
N 


4Ch[jc-]Ch[(2P-7t)(--^)] 




= E + 

j—~N 

Notice that each function Sytp trivially belongs to 9f p . 

Proposition 4.8. Let tp = (tpi ,0,0,0) be a function in L P (D p), p £ (1,°°). Then, 

HmJScp-^11^=0. 

Proof For almost every function x £ II, the function cpi(x, •) is in L P (1R). Thus, the L p 
convergence of one-dimensional Fourier series guarantees that 


lim [ |cpi(x,y)-(p ( 1 ' V) (x,y)| p c/y=0 


where (p ( | V, (x,y) = 5^1._jy<pi(x,y )e 2 ’ ly '1 and the limit holds almost everywhere. By means 
of Lebesgue’s dominated convergence theorem, we can conclude that 


lim [ [ |tpi (x,y) — <p^ (x,y) | p dydx = / lim [ |<pi(x,y) -tp^foy)^ dydx 


= 0 . 


Thus we conclude that ||cp — tp ^\\lp -a- 0 as N tends to +°°. where <pW = ( 9 *^, 0 ,0,0). 
By definition, see (14.31 ). it holds 


S [tp (iV ^ ] (x + iy, e i e 2lliy ) = £ e 2 ^^ 
j=-N 


e -(P-f+^)(—4) e -(f-^+y)(-) ^(pj (.,/) 


4Ch[7t-]Ch[(2p-7t)(.-4)] 


(x) 


= S N q>(x + iy,e?e 2niy ) 


= E SMx + iy,e$e 2my ). 

j=-N 

Finally, using estimate (14.8b . we get 

11 ^9 -^II//p ( d' b ) =]m||5 (p-5[9 W ]|| HP(z y B ) <C p hhn||(p-cp w 11^(3^) =0. 


P' N^-oo 


The proof is complete. 


□ 
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To obtain (14. 1 6b it remains to prove that the operator S is surjective on H P (D p). We 
already know this is the case for p = 2; the general case p £ (1,°°) will follow as a corollary 
of the following proposition. 

Proposition 4.9. For every p in (1,°°), we have 

H 2 {D^)r\HP(D'^ HP =// p (Dp). 

Proof. For every e > 0 and zi £ 5p consider the function 

GE(zi)= l+e[2p + izi}' 

It can be proved that, for every fixed e > 0 and F £ H P (D p), the function F ■ G £ is in 
W 2 (Dp) nW p (Dp), thus F(f = S\F(7\. Notice that G E admits a continuous extension to 
Z)p, therefore FG £ = FG £ , where F is the weak-* limit of F (see Proposition !.!. 1 1 . Now, 

lim \\F — FG £ \\ l !,„, nl . < lim sup f [ \(F — FG £ )[x±i(s+ t),e ± ?e 2mr ]\ p dxdy 

E^0+ "HP(Dp) e->0+( M ) Jo Jr 

+ lim sup [ 1 [ | (F - FG £ ) [x ± i{s -t), e ± t-e 2niy ]\ p dxdy. 
e—>0+ (j J o Jr 


We focus on one of these term; the computation for the other terms is similar. Therefore, 
using Fatou’s lemma, 

lim sup [ [ |(F — FG £ )[x + i(s + t),e^e 2my ]\ p dxdy 

e-*o+ ( r Jo Jr 

= lim sup [ [ \F[x + i(s + t),e 1 e 2m ' l ]\l—G £ [x + i(s + t)]]\ p dxdy 

e->0+ JO IE 

< lim sup lim inf / [ |F[x + its + f),e I e 2my l T(G 5 — G £ )[x + i(s + f)ll \ p dxdy 

£—►0 + g) 5—>-0+ JO </]R 

= lim sup lim inf / f \S\F(G & — G £ )]\x + i(s + t),e’ 1 e 2n '' / ]\ p dxdy 
e^o+ (, ]S) 8->o+ Jo Jr. 1 1 

< lim supliminf ||S[F(G 5 - G E )] \\ p , , } 

e-i0+ 8->0+ ' 

< Cp J™ liminf ||F(G 8 - G e ) \\u>^) 

= 0 , 

where in the last two lines we used the boundedness of the operator S and the dominated 
convergence theorem. The proof is complete. □ 

Corollary 4.10. Let F be a function in H P (D jj), p £ (1,°°)- Then, there exists a function 
cp in L p (dDp) such that F = Sep. 

Remark 4.11. Theorem l4.3l shows that every function in the range of 5 tends to its bound¬ 
ary values in norm. The previous corollary allows to conclude that this is true for every 
element of H p (Dp ), p £ (1, °°). 


Remark 4.12. Proposition l4.8l and Corollarv l4. lOl together prove the decomposition (14. 161) . 
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4.3. Pointwise convergence. We conclude the section showing that an appropriate restric¬ 
tion of a function F in H P (D jj), p £ (1,°°), converges to its boundary value function also 
pointwise almost everywhere . As usual, we prove our results in a simplified situation and 
the general case follows by linearity. Let cp = (tpi,0,0,0) be a function in L p (dD'^), then 
we proved that 


im [ [ Sq>\x + i(s + t),e’ 1 e 2mr ] — Scp/x + iP^CP i 
(f.p-f)jRJo 


lim 




dydx = 0. 


In general, to prove a pointwise convergence result, we expect we need to put some re¬ 
strictions on the parameters t and .v. For example, also in the simpler case of the polydisc 
D 2 (0, 1) = D(0,1) x D(0, 1), we are able to prove the almost everywhere existence of the 
pointwise radial limit 

lim G{ne lni% ,r 2 e 2 ^) 

for a function G in H P (D 2 ) under the hypothesis that the ratio -j—/ is bounded (see, for 
example, l f32l Chapter 2, Section 2.3]). 

At the moment, we are able to prove a pointwise convergence result which depends 
only on one parameter. It would be interesting to determine a larger approach region to the 
distinguished boundary d/Jj, and discuss non-tangential convergence. 

We need the following lemma which it is not hard to prove using the results contained 
in Section[2] 

Lemma 4.13. Let 5p be the strip Sp = {z = x + iy £ C : |y| < p}. Let tp = (cp + ,cp-) be a 
function in L p (dS p), p £ (1,°°). Then, the function 


SsMx + iy) = 7 1 


e Cy+P)(-)q, + +e (y P)(*)q> 


w 


_4Ch[7t(.)]Ch[(2p-Jt)(.-4)]_ 

belongs to H p (Sp)for every integer j. 

Theorem 4.14. Let cp = (tpi,(p 2 , 93 , 94 ) be a function in L p (dD j/, p £ (I, 00 ). Then, 

MP-%)„2ntr ~ - 1,n It ' 


(4.17) 


lim S(p[x + if,e^ p ~ 5 V m 7] = Sep, [x + /p.^M)^! 

r-Ap- 


for almost every (x, y) SlxT. 

Proof We prove the theorem for cp = (cpi,0,0,0). By (14, 1 0b . we want to prove that 

r e -2p(-) e ;(P-f) _ e -(P+f)(-)gi(P-5)( 1+ p 


Lt(x, y) = 


E e 2 * iiy ?n l 

jez 

E ■fypfo i) 


4Ch[7t(.)]Ch[(2P-f)(.-i)] 


-.7k<Pi (•.;) 


^0 


for almost every (x,y) SlxT when t tends to p . Let e > 0 be fixed. Then, 


(x,y): limsupL f (x,y) > e 

f-»p- 


< E 


(x,y): limsup|S',(p(x,y)| > a,- 

c-s-P" 


where the a/s are positive and a j = 8. We claim that the sets in the right-hand side 

of the previous inequality are all of measure zero. Following the proof of Theorem l4. 3 1 we 
obtain that 


lim ||Sj(p||mRxT) — 0- 

c->p- 


(4.18) 
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Therefore, it is enough to prove the existence of the pointwise limit 


lim e 2 ”'^ 1 

/-> p- K 


-(P+0(') e 2(P“?)( 1+ f) 




L4Ch[7c(-)]Ch[(2P-7c)(-^)] 
for almost every (x, y) £ 1 x T. To prove this, it is sufficient to prove that 

e -(P+0(')^ R G(-) 


(x) 


-Fr 

;^p- 


L4Ch[jc(-)]Ch[(2p-Jc)(.-^]J 


(x) 


exists for almost every x in R and for every function G in L p (R), p £ (1, . The existence 

of this last limit follows immediately from the lemma and Theorem l2.4l 

Analogously it can be proved the pointwise convergence of Si p to the other components 


of dD\ 


P- 


□ 


Remark 4.15. We proved the previous theorem for functions that belong to the range of 
the operator S. From Proposition 14.101 we can conclude that the result is true for every 
function in H p (D'^),p £ (1,°°). 


4.4. A density result. At last, we use the L p boundedness of the operator S to prove that 
continuous functions on the closure of D ^ are dense in H P (D jj). 

Theorem 4.16. Let p £ (1,°°). Then, 

H p (Dp) H C(55)'" lH Tf> ) = H p (D'p). 


Proof. It is enough to prove that for a given function cp = (cpi ,0,0,0) where cp | (x, y) = 
Y_ N j A rtpi (x.j)e 2m tt with cpi (-,7) £ f^°(R) for every j, then Stp belongs to H P (D'^) n 

C(iy^). The conclusion will follow by linearity, density and the LP boundedness of the 
Szego projector S. We have 


S< ? (x + iy,e$e 2 ^) = £ e 2 ^% 

j=-N 


R 




(x) 


4Ch[7t-]Ch[(2(I — 7c)(- — 5 )] 

and S cp is continuous up to the boundary of d/fj, since each term of the sum is thanks to 
Lemma l4.13l and Remark (231 The proof is complete. □ 
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